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Abstract

This reportpresents(1) thebasicideasof bootstrappingwhenappliedto mul-
tiple linearregression,asdescribedin [2, 3], and(2) how to implementtheseideas
usingArc, thecomputerpackagethataccompanies[1].

1 Intr oduction

This reportprovides(1) anintroductionto bootstrapmethodsin linearregressionanal-
ysesasdiscussedin [2, 3], and(2) computercodefor usewith the programArc, de-
scribedin [1], that implementstheseanalyses.The remainderof this sectionoutlines
the generalideasbehindlinear regression.In Section2, I summarizethe basicboot-
strapapproachto statisticalinference,andpresenttwo waysof applying it to linear
regression.Next, I describesomeof the issuesinvolved with estimatingandtesting
meanfunctioncoefficientsin Sections3 and4 respectively. Finally, I presentsomeex-
amplesin Section5, andoutlinesomeof theotherareasin regressionwherebootstrap
methodscouldbeusedto goodeffect in Section6.

The most recentversion of Arc can be obtainedon the Internet from the link
http://www.stat.umn.edu/arc. TheXlisp-Statcodeto performall theanalysesin this re-
port aregivenin thefile http://www.stat.umn.edu/arc/boot.lsp. Thecommandsneeded
to run thiscodearescatteredthroughoutthis reportitself.

To useboot.lsp , downloadit from theInternet,andput it in thefolder Extras .
Edit the file updates.lsp in the directoryfrom which you startArc, by addingthe
line (load "boot") . If you do not have anupdates.lsp file, you mustcreateand
saveoneusinga text editor.

1.1 Who should readthis report

In thisreportI describeadditionsto Arc thatcanbeusedto performbootstrapsampling
for thespecificproblemsdiscussed.As thesemay have interestin varioussituations,
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many readerswill find the additionsuseful. Theadditionscanalsoprovide a starting
pointfor implementationof thebootstrapin othersituations,but for thisthereadermust
be ableto readandwrite computerprogramsin the languagelisp. Thereareseveral
waysof gettingstarted.Tierney in [4] providesa very readableintroduction.Several
on-linereferencescanbeobtainedfrom http://www.visualstats.org/. ThebookCommon
Lispby GuyL. Steeleis acomprehensivesourcefor the lisp language,andis available
on-lineat

http://www-cgi.cs.cmu.edu/afs/cs.cmu.edu/project/ai-repository/ai/html/cltl/clm/clm.html

A companionreporton “SimulationsusingArc” maybehelpful,andis availablefrom

http://www.stat.umn.edu/arc/simulate.pdf.

1.2 Linear regression

Following thenotationanddevelopmentin [1], regressionconcernsa response� and� predictors, �������
	���
�
�
���������� . The generalgoal in regressionis to studyhow the
conditionaldistribution of ��� � changesasthevalueof � changes,oftenconcentrating
onthemeanfunction, ��� ��� ��� . In many regressionproblems,theresponse��� � is written

��� ������� ��� �������� "! #
where � is calledthestatisticalerror andtheweights #%$'& areknown,positivenum-
bers. Another featureof the conditionaldistribution of ��� � that is often studiedin
regressionis thevariancefunction (*)"+,� ��� ���*�'(*)�+��-�.�/ 0# .

Let 1 be a 24365 vectorof termsderived from � . Typically, 1 will consistof a
constant1 for an intercept,and �7298�5,� additionalfunctionsof � , like polynomialsor
othertransformations.The linear regressionmodelhasmeanfunction

�:� ��� ���*�;��� ��� 1<�*��=">?�@=A	CB�	D��E�E�E�=GF,H�	IB
F0H�	J�'K � 1 (1)

whereKL�M�N�O= > ��
�
�
I��= F0H�	 � is a 2*3P5 vectorof meanfunctioncoefficients,andvariance
function

(*)"+�� ��� ���Q��R�S. 0# (2)

Theseassumedforms of the meanandvariancefunctionsimply that ���O�0�T�U& and
(*)�+,�O�.�V�WR S . This reflectsan alternative way of specifyingthe generalform of the
linear regressionmodel—thelinear meanfunction (1) togetherwith the assumption
thatthedistributionof theerrorsis independentof � .

For a full parametricanalysis,the distribution of ��� � , or alternatively of � , must
be specified. For normally distributederrors, the leastsquarestheory of regression
estimationandinferenceprovidesstraightforward,exactmethodsfor analysis.But for
non-normalerrors,thesemethodshave the potentialto be inaccurateor misleading.
Resamplingmethodssuchasthe bootstrapprovide an alternative methodology, with
thepotentialto both

X reinforceconclusionsarrivedat usingnormaltheory, and
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X to provideestimationandinferencetechniquesin situationswherenormaltheory
doesnot seemto bejustified.

Theexamplesin this reportfocusmainly on thefirst of thesegoals,althoughSec-
tion 6 mentionssomeareasthatcould involve morein theway of thesecondof these
goals.

2 Two alternativeparadigmsfor usingbootstrap meth-
odsin linear regression

The bootstrapis a data-basedsimulationmethodfor statisticalinference. The basic
ideais asfollows. I wish to makeaninferenceabouta (population)quantity, say Y , for
whichI haveadata-basedestimate,ZY . I thenwantto getsomeideaof thedistributionof
my estimate,without having to make assumptionsaboutmy data(for example,that it
comesfrom amultivariatenormaldistribution). Oneway to do this is to resamplewith
replacementfrom my datato geta bootstrapsample(of thesamesizeasmy original
sample,andmadeup of casesfrom my original sample,someappearingonce,some
twice, andso on, andsomenot appearingat all). I then createa large number, [ ,
of suchbootstrapsamples,andcalculate ZY for eachsample. (For notation,I denote
bootstrapestimateswith a star, and hence ZY for a bootstrapsampleis denoted ZYG\ .)
These[ ZYG\ ’s containinformationthatcanbe usedto make inferencesfrom the data;
essentially, ZYG\ is to ZY as ZY is to Y . Someof thetypesof inferencepossiblein thelinear
regressioncontext will beexploredin moredetail in Sections3 and4.

For any particularapplicationof the bootstrap,I needto decideon an appropri-
ateway to resamplewith replacementfrom my datato get a bootstrapsample. For
regression,I presenttwo suchways,“resamplingresiduals”and“resamplingcases.”

2.1 Resamplingresiduals

The“resamplingresiduals”paradigmtakesthepoint of view that responses,��� � , are
sampledfrom a univariatedistribution ]^� ��� ��� whosemeanandvariancearegivenby
themeanfunction(1) andvariancefunction(2). Trying to estimate]^� ��� ��� usingboot-
strapmethodsdoesn’t work directly, becauseof theconditioningon � . But, since� is
assumedto befixedunderthisparadigm,I caninsteadtry to estimatethedistributionof
� by resamplingresiduals,definedto betheweighteddifferencesbetweentheobserved
valuesof theresponseandthefittedvaluesunderthelinearregressionmodel

Z�P�_! #V� � 8 Z�`� ��� �����a�b! #V� � 8 Z� � (3)

Thelinearregressionmodelis implicit underthis paradigm—usingbootstrapmethods
in regressionby resamplingresidualsessentiallyassumesthat the linear regression
modelholds.
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2.2 Resamplingcases

The“resamplingcases”paradigmtakesthepoint of view that cases,� � ����� , aresam-
pledfrom a multivariatedistribution ]^� � ����� . Applicationof thebootstrapis straight-
forward,andI cantry to estimatethe distribution of � � ����� by resamplingcases,de-
fined to be the multivariatevectors � � �/��� . The linear regressionmodel lies outside
this paradigm—usingbootstrapmethodsin regressionby resamplingcasesessentially
makesno assumptionaboutwhetheror not thelinearregressionmodelholds.Thelin-
earregressionmodelonly arisesin this settingby goingon to specifytheconditional
meanandvarianceof ��� � asthemeanfunction(1) andvariancefunction(2). Then,it
is alsonecessaryto includeeachcase’s weight whenresampling,andthe casesto be
resampledcannow bewritten � � ���D�/#:� .

3 Estimating regressioncoefficients

3.1 Resamplingresiduals

As describedabove,I wantto try to estimatethedistribution of � by resamplingresid-
uals. However, sincethe distribution of � is assumedto be independentof � , I re-
ally want to be resamplingsomethingwhosedistribution doesnot dependon � . As-
sumingI have c casesin my dataset,the d -th residualasdefinedin (3) hasvariance
(*)�+,� Z�0e � ��ef�g�hR S �i5M86jkef� , where jke is the d -th leverage, dP��5"��
�
�
I�/c . The leverage
dependson ��e , andso if any leveragesareparticularlyhigh, resamplingthe residuals
will not do a goodjob of estimatingthe distribution of � . So,sincethe leveragesare
known, I considerinsteadthemodifiedresiduals

Zl e � ! #Jem� � e�8 Z� e-�n �i5J8@j e � (4)

whichhaveconstantvariance.Themodifiedresidualsdiffer from theStudentizedresid-
ualsdescribedin Section15.3.1of [1] by division by anestimateof R S , andthusthe
two areequivalent.

Onefinal adjustmentis neededsince � is assumedto havemean0. Thus,I actually
samplefrom themean-correctedmodifiedresidualsto getbootstraperrors

� \e randomlysampledwith replacementfrom Zl e 8'ol
where ol is thesampleaverageof themodifiedresiduals(4).

I aminterestedin estimatingregressioncoefficients,soI now needto derive boot-
strapresponsesandpredictorvaluesfrom my bootstraperrors. Since,I amassuming
thatthelinearregressionmodelholds,I fix my bootstrappredictorvaluesattheoriginal
sample� e values(andI alsofix my bootstrapweightsat theoriginalsample# e values).
I thenusetheusualweightedleastsquaresestimateof K from theoriginal sample,saypK , to derivebootstrapresponses

� \e � ZK � 1Leq��� \e  ! #Je
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I cannow computetheusualweightedleastsquaresestimateof K from this boot-
strapsample,say

pK \ , andrepeat[ times.
As anexample,considerdataon brainweightBrainWt in gramsandbodyweight

BodyWtin kilogramsfor sixty-two speciesof mammal. Thesedataaredescribedin
Section5.1of [1] andcanbeanalyzedin Arc by loadingthefile brains.lsp .

After transformingthepredictorsBrainWtandBodyWtto their naturallogarithms
to gettheterms,a linearregressionmodelfor rts"u
� BrainWt� on rts"uk� BodyWt� with con-
stantvariancefunctionseemsreasonable,andis easilyfit usingArc. Standardanalysis
suggeststhat errorsareapproximatelynormal,andso the usualinferencetechniques
for theintercept,= > , andtheslope,= 	 , shouldbeappropriate.Thisexampleis therefore
ideal for investigatingwhetherbootstrapmethodscanreinforceconclusionsarrivedat
usingnormaltheory.

Whenthis model is fit usingArc, a regressionobject is createdthat hasthe same
nameasits menu,asdescribedin [1]. A typicalnamefor theobjectwill beL1.

To begin a bootstrapanalysis(assumingthat boot.lsp hasbeenloaded)of the
distribution of the coefficient estimatesusing [v�w5�&�&"& simulationsby resampling
(centered,modified)residuals,type the following in the text window’s commandline
following the> prompt:

> (def r (send L1 :bootstrap :nboots 1000 :method :r-boot))

Thiscreatesabootstrapobjectr thatwill usethe“resamplingresiduals”paradigm,
andhas[ =1000.To change[ to anothernumber, just replacethe1000 , andto usethe
“resamplingcases”paradigm,justchangethe:r-boot to :c-boot . I cannow sendr

variousmessagesto produceplotsor calculatequantities.
Likeotherobjectin Arc, typedcommandscanbeusedto getinformationaboutthe

bootstrapobject.For example,typing

> (send r :histograms)

producesa histogramof thebootstrapinterceptestimates,Z=x\> . Theslidebarin the
lower left cornerof theplot controlswhich coefficientestimateto display—clickonce
to theright of thesliderto changethehistogramto onefor thebootstrapslopeestimate,

Z=x\	 . The two histogramsare shown in Figure 1 with superimposedGaussiankernel
densitysmoothsindicatingnear-normality.

Similarly, typing

> (send r :probability-plots)

producesa probabilityplot (alsoknown asa QQ-plot)of thestudentizedbootstrap
interceptestimates,with a y distribution on c�8 � degreesof freedom(df) asthe ref-
erencedistribution. (Recallthatwhensamplingnormaldata,estimatesusingtheusual
varianceestimateratherthan the true varianceare y distributedratherthannormally
distributed.)Thestudentizedbootstrapslopeestimatesaredefinedto be

Z=x\> 8 Z=�>
se� Z= \> �
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b. Slope, �� �Â .
Figure1: Histogramsof bootstrapcoefficientestimatesfor thebrains.lsp dataset.

where Z=x\> is thebootstrapestimateof = > , Z= > is theusualestimateof = > from theoriginal
sample,and se� Z=x\> � is the bootstrapestimateof the standarderror of Z= > , that is the
standarddeviationof the Z= \> ’s in thebootstrapsamples.Notethatthisdefinitioncomes
from the“ Z=x\ is to Z= as Z= is to = ” ideamentionedin Section2.

The slidebarin the lower left cornerof the plot againcontrolswhich coefficient
estimateto display—clickonceto theright of theslider to changetheprobabilityplot
to one for the studentizedbootstrapslopeestimates.The two probability plots are
shown in Figure2 with superimposed� �'� linesindicatingnear-normality(although
thereis ahint of non-normalityfor thestudentizedbootstrapslopeestimates).

To display bootstrapestimatesof the standarderrorsof the interceptand slope
estimates,type

> (send r :bootstrap-standard-error)
Residual bootstrap
Coefficient Std. Error
Intercept 0.094485
log[BodyWt] 0.026757

Thesestandarderror estimatescomparewith the usual(linear regressionmodel
theory)estimatesof 0.0960and0.0285respectively. And notethattheusualestimates
arealsothe ideal bootstrapestimatesof standarderror, that is thebootstrapestimates
as [ÄÃÆÅ (adjustedby Ç cÈ ���cÉ8Ê2x�fË 	�Ì S ).

To displaybootstrapestimatesof thebiasfor theinterceptandslopeestimates,type

> (send r :bootstrap-bias)
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b. Slope,� Â .
Figure 2: Probability plots of studentizedbootstrapcoefficient estimatesfor the
brains.lsp dataset.

Residual bootstrap
Coefficient Bias
Intercept 0.005359
log[BodyWt] -0.000514

Thesebiasestimatesarereassuringlysmallsincetheusualcoefficientestimatesare
unbiased.Notethatbootstrapestimatesof biasagaincomefrom the“ Z=x\ is to Z= as Z= is
to = ” ideamentionedin Section2. In particular, thebootstrapestimateof biasfor the
interceptestimateis Z=x\> ��E �D8 Z=�> , where Z=x\> ��E � is theaverageof the Z=x\> ’s.

To calculatenormal theoryconfidenceintervals for the coefficient estimates,to-
getherwith bootstrapconfidenceintervals usingboth the percentilemethodand the
BCamethod,type

> (send r :display-confidence-intervals)
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Residual bootstrap
Level Normal Theory Percentile Bootstrap BCa Bootstrap
Coefficient: Intercept
0.95 (1.94267 2.3269) (1.94677 2.32673) (1.93574 2.31693)
Coefficient: log[BodyWt]
0.95 (0.694751 0.808622) (0.698998 0.803802) (0.700898 0.804064)

Normaltheoryconfidenceintervalsarejusttheusual“estimate
<

multiplier 3 stan-
darderror.” Percentilebootstrapintervalsusepercentilesof theempiricaldistribution
of the bootstrapestimatesto estimatepercentilesof the true distribution of the coef-
ficients. BCa bootstrapintervalsusean improvedversionof the percentilebootstrap
methodwhich tendsto have bettercoverageproperties.BCaintervalsarediscussedin
Section14.3of [3].

Thedefault level for theconfidenceinterval calculationsis 0.95. Typethefollow-
ing (beforesendingthe:display-confidence-intervals message)to changethe
level to 0.9:

> (send r :levels .9)

or the following to allow intervals for both 0.90and0.95confidencelevels to be
displayedtogether:

> (send r :levels ’(.9 .95))

To calculatebootstrapconfidenceintervalsusingthepercentilemethodfor thestu-
dentizedcoefficientestimates,type

> (send r :stud-percentile-boot-intervals)
Residual bootstrap
Level Percentile Bootstrap
Coefficient: Intercept

0.9 (-1.55743 1.76993)
0.95 (-1.98995 2.03149)
Coefficient: log[BodyWt]

0.9 (-1.66905 1.59792)
0.95 (-1.96914 1.94774)

The correspondingy quantileson c 8 2Ê�>="& df are1.67065and2.0003respec-
tively. Thus,thepercentilebootstrapintervalsindicatethattheresamplingresultsagree
closelywith thoseobtainedfrom standardmethods.

3.2 Resamplingcases

As describedabove, I want to try to estimatethe distribution of � � �/��� by resampling
cases.Thus,I samplefrom theintegersrunningfrom 1 to c to getbootstrapindices

? \e randomlysampledwith replacementfrom �i5"�:@���
�
�
���c��
I now needto derive bootstrapresponsesandpredictorvaluesfrom my bootstrap

indices.Since,I amassumingthat � � �/��� aresampledfrom a multivariatedistribution
]^� � �/��� , I derivebootstrapcases

� � \e �/� \e ��# \e �*�Ä� �BA:CD ��� A:CD �/# A:CD �
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I cannow computetheusualweightedleastsquaresestimateof K from this boot-
strapsample,andrepeat[ times.Applying this to thebrains.lsp dataset,I obtain:

> (def c (send L1 :bootstrap :nboots 1000 :method :c-boot))

> (send c :bootstrap-standard-error)
Case bootstrap
Coefficient Std. Error
Intercept 0.093686
log[BodyWt] 0.023061

> (send c :bootstrap-bias)
Case bootstrap
Coefficient Bias
Intercept -0.001015
log[BodyWt] 0.000662

> (send c :display-confidence-intervals)
Case bootstrap
Level Normal Theory Percentile Bootstrap BCa Bootstrap
Coefficient: Intercept
0.95 (1.94267 2.3269) (1.95774 2.31821) (1.96562 2.33279)
Coefficient: log[BodyWt]
0.95 (0.694751 0.808622) (0.706941 0.796554) (0.705292 0.793233)

> (send c :levels ’(.9 .95))

> (send c :stud-percentile-boot-intervals)
Case bootstrap
Level Percentile Bootstrap
Coefficient: Intercept

0.9 (-1.59979 1.66336)
0.95 (-1.88978 1.95787)
Coefficient: log[BodyWt]

0.9 (-1.54205 1.64522)
0.95 (-1.94031 1.94564)

Theresultsarereassuringlysimilar to thoseobtainedby resamplingresiduals.
Notethatit is possiblefor caseresamplingto run into computationalproblems.In

particular, given the numericaltolerancescomputersmustwork within, it is possible
(albeit unlikely) for a bootstrapsampleto producea modelwith lower rank thanthe
model for the original sample. The Arc bootstrapcodedoesnot currentlycheckfor
this, and if it doeshappen,an unhelpfulerror messageis returnedandthe bootstrap
routine terminates.Futurework will hopefully addressthis issueso that any lower
rankbootstrapsamplesareignored,allowing theroutineto becompleted.

4 Hypothesistestsfor regressioncoefficients

Considera hypothesistestwith null hypothesis,NH, andteststatistic,E . The � -value
for thishypothesistestcanbedefinedastheprobabilitythatarandomvariablewith the
samedistribution asthatof E whenNH is trueis aslargeor larger(in absolutevalue)
thantheobservedvalueof E .
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This suggeststhefollowing methodfor estimatinga � -valueusingbootstrapideas:
figure out a null distribution for the dataunderNH andgenerate[ bootstrapvalues
of E underthis distribution. The � -valueestimateis thentheproportionof timesthat
thebootstrapEP\ ’s areaslargeor larger(in absolutevalue)thanthe(original sample)
observedvalueof E . To applythis in practicehowever, I needto choosebothasuitable
E anda null distribution for thedataunderNH.

An alternativestrategy usesapivotstatisticfor E . Pivot statisticshavedistributions
thatdo not dependon coefficient values,sothereis no needto figureout a null distri-
bution for thedataunderNH—I canjust carryoutmy simulationunderthealternative
hypothesis,AH. Again, the � -valueestimateis the proportionof timesthat the boot-
strapEM\ ’s areaslargeor larger(in absolutevalue)thanthe(originalsample)observed
valueof E .

4.1 Testinga singleregressioncoefficient

Theusualnormaltheorymethodfor testinga singleregressioncoefficient is a y -testof
thestudentizedcoefficientestimate.

As an alternative, oneway to testa single regressioncoefficient using the pivot
methodoutlinedabove is to usethepivot

E�� Z= F 84= F
se� Z=�F��

to testthe 2 -th coefficient ( 2 �N&x��
�
�
I� � 8�5 ). Usingthe“ Z=x\ is to Z= as Z= is to = ” idea
mentionedin Section2,

E \ � Z=�\F 8 Z= F
se� Z= \F �

The (two-tailed) � -valueestimatefor =�F � & is thenthe proportionof timesthat the
bootstrapEM\ ’s areaslargeor larger(in absolutevalue)thanthe(original sample)ob-
servedvalueof E ,

E > � Z= F
se� Z=�F"�

This procedurecanbe performedin Arc usingeitherresidualresamplingor case
resampling.As an example,considerdatafrom 1973on accidentrate,Rate, access
pointspermile, Acpt, truckvolumepercentage,Trks, averagedaily traffic count,ADT,
lengthof segment,Len, signalizedinterchangespermile, Sigs, andspeedlimit, Slim,
for thirty-ninesegmentsof Minnesotahighways. Thesedataaredescribedin Section
11.3of [1] andcanbeanalyzedin Arc by loadingthefile highway.lsp .

A reasonablygoodlinearregressionmodelhasthefollowing meanfunction

���Or~s�u S � Rate� � ��� � =�> �@=G	Irts"u S � Acpt���@= S rts"u S � Trks��� =GF�r~s�u S � ADT�
�:=IH�r~s�u S � Len��� =GJ Sigs1

H�	 � =GK Slim (5)

whereSigs1 � Sigs �Ä5 , andconstantvariancefunction. (Sigshadmany zeroval-
ues,andsowasre-centeredto allow thepossibilityof subsequenttransformation.)To
separatelytesteachmeanfunctioncoefficientagainstzero,typethefollowing:
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Table1: Usual(two-tailed) y -test� -valuesfor thehighwayaccidentdata.

Coefficient L -value
Intercept 0.0003
logM [Acpt] 0.2200
logM [Trks] 0.2530
logM [ADT] 0.3686
logM [Len] 0.0053
Sigs1N

Â
0.1458

Slim 0.0484

> (def r (send L1 :bootstrap :nboots 1000 :method :r-boot))
> (send r :stud-boot-pvalues)
Residual bootstrap
Coefficient p-value
Intercept 0.0000
log2[Acpt] 0.2210
log2[Trks] 0.2550
log2[ADT] 0.3590
log2[Len] 0.0020
Sigs1ˆ-1 0.1280
Slim 0.0400
> (def c (send L1 :bootstrap :nboots 1000 :method :c-boot))
> (send c :stud-boot-pvalues)
Case bootstrap
Coefficient p-value
Intercept 0.0010
log2[Acpt] 0.1960
log2[Trks] 0.2130
log2[ADT] 0.3260
log2[Len] 0.0110
Sigs1ˆ-1 0.1270
Slim 0.0450

whereL1 is the nameof the linear regressionmodelwith meanfunction (5) and
constantvariancefunction. For comparison,the usual(two-tailed) y -test � -valuesare
givenin Table1.

4.2 Testinga subsetof meanfunction coefficients

Considerthefollowing two modelsstatedashypotheses:

NH: �:� ��� ���*��K<�	 1 	 with (*)"+�� ��� ���Q��R S  0#
AH: �:� ��� ���*��K<�	 1 	 � KL�S 1 S with (*)"+,� ��� ���Q�'R S  .#

wherethevectorsof predictorsandmeanfunctioncoefficientshavebeensimilarly par-
titionedinto 1È� � �-1 	 �/1 S ��� and KL� � �OK 	 ��K S ��� . Let O 	 bethematrix consistingof
the c samplerow vectors1L�	 stackedon topof eachother. Let O S bedefinedsimilarly.

Testingthesehypothesesis equivalent to testing K S �QP and the usualnormal
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theorymethodfor this is an ] -testof theratio

] � � RSSNH 8 RSSAH �m �� dfNH 8 dfAH �
ZR S

whereRSSindicatesresidualsumof squaresfrom themodelfit and ZR S is theestimate
of R S from thefit of theAH model.

As analternative,oneway to test K S �RP usingthepivot methodoutlinedabove is
to choosethepivot

E'� � pK S 8 K S ���A�;OÉ�S*S 	 O S*S 	��I�
pK S 84K S �ZR S

where O S�S 	��%�UT 8VO 	.�UO � 	 O 	I� H�	 O � 	 �WO S , thepartof O S with thelineareffect of O 	
subtractedout. Note that thenumeratorof E is just anotherway of writing RSSNH 8
RSSAH.

Usingthe“ Z=�\ is to Z= as Z= is to = ” ideamentionedin Section2,

E \ � � pK \S 8
pK S ���G�UO �S�S 	 O S�S 	 ���

pK \S 8
pK S �ZR \ S

The � -valueestimateis thentheproportionof timesthatthebootstrapE \ ’sareaslarge
or largerthanthe(original sample)observedvalueof E ,

E > �
pK �S �UO �S�S 	 O S�S 	 �

pK SZR S
To actuallycomputeEP\ and E > , notethat

pK S � �;O �S*S 	 O S*S 	 � H�	 O �S*S 	*XpK \S � �;O �S*S 	 O S*S 	 �
H�	 O �S*S 	 X \pK \S 8

pK S � �;O �S*S 	 O S*S 	�� H�	 O �S*S 	 � X \ 8 X �
whereX is thevectorof responses.Thus

E \ � � X \ 8 X �i�YO S*S 	 �;OÉ�S*S 	 O S*S 	 � H�	 OÉ�S*S 	 � X \`8 X �
ZR \ S

E
> � X �YO S*S 	��;OÉ�S*S 	 O S*S 	�� H�	 OÉ�S*S 	ZX
ZR S

EP\ and E > canthereforebecomputedwith full model(AH) simulationonly, andwith-
out theneedto actuallycalculatethebootstrapcoefficientestimates.

This procedurecanbe performedin Arc only usingresidualresampling;casere-
samplingis inappropriatehere. As an example,considerthe highway accidentdata
again.

First, I cantestthe meanfunctioncoefficientssingly (asI did in Section4.1). To
test =G	J�;& in meanfunction(5), typethefollowing:

> (send L1 :sigtest-boot-pvalue L2 :nboots 1000 :method :r-boot)
Residual bootstrap
p-value: 0.2290
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Table2: Bootstrapsubsettest� -valuesfor thehighwayaccidentdata.

Coefficient L -value
logM [Acpt] 0.2290
logM [Trks] 0.2220
logM [ADT] 0.3720
logM [Len] 0.0050
Sigs1N

Â
0.1380

Slim 0.0450

whereL1 is thenameof thelinearregressionmodelwith meanfunction(5) andL2

is thenameof thelinearregressionmodelwith meanfunction

�:��rts"u S � Rate� � ��� � =�>?� = S rts"u S � Trks��� =GF�r~s�u S � ADT�
�:= H rts"u S � Len���@= J Sigs1

H�	 �@= K Slim

Notethatthesyntaxusedhereis differentto thatusedin previousexamples;themethod
:sigtest-boot-pvalue is sentdirectly to the full model(AH) with the submodel
(NH) asanargument.Thereis no preliminarystepof settingup a bootstrapobjectr
for this method.

I cantesttheothermeanfunctioncoefficientssingly in a similar way. The � -value
estimatesI obtainedaregivenin Table2.

I cantestasubsetof morethanonemeanfunctioncoefficientsin asimilarway. For
example,to test = J ��= K �'& in meanfunction(5), typethefollowing:

> (send L1 :sigtest-boot-pvalue L3 :nboots 1000 :method :r-boot)
Residual bootstrap
p-value: 0.0260

whereL1 is thenameof thelinearregressionmodelwith meanfunction(5) andL3

is thenameof thelinearregressionmodelwith meanfunction

����rts"u S � Rate� � ��� � = > � = 	 r~s�u S � Acpt��� = S r~s�u S � Trks�
�:= F rts"u S � ADT��� = H r~s�u S � Len�

For comparison,theusual] -test� -valuefor this is 0.027.

5 Further Examples

I provide examplesof the proceduresdiscussedabove for two further datasets.Sec-
tion 5.1 considersa model that includesweightsto demonstratehow the procedures
copewith non-constantweights.Section5.2 considersa datasetwith missingvalues
on somevariablesto demonstratehow theprocedurescopewith missingdata.
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5.1 Particle PhysicsExample

Considerdataon anexperimentin particlephysics,where � is the inverseof thetotal
input energy, � measuresthe total outputof particles,and [ is the known population
standarddeviationsof ��� � for eachvalueof � . Thesedataaredescribedin Section9.2
of [1] andcanbeanalyzedin Arc by loadingthefile physics.lsp .

A reasonablygoodlinearregressionmodelhasa quadraticpolynomialmeanfunc-
tion, fit with weightsequalto [ H S ; call this modelL1. I thencarryout thefollowing
bootstrapprocedures.

> (def r (send L1 :bootstrap :nboots 1000 :method :r-boot))
> (send r :bootstrap-standard-error)
Residual bootstrap
Coefficient Std. Error
Intercept 6.428289
x 85.642674
xˆ2 253.673145

> (def c (send L1 :bootstrap :nboots 1000 :method :c-boot))
> (send c :bootstrap-standard-error)
Case bootstrap
Coefficient Std. Error
Intercept 15.753806
x 164.532466
xˆ2 438.831268

Thesestandarderror estimatescomparewith the usual(linear regressionmodel
theory) estimatesof 6.46, 85.37,and250.59respectively. The differencesbetween
residualandcaseresamplingprobablyreflecttherelatively smallsamplesizeof tenfor
this example. An assumptionof independencebetweenthe errorsandthe predictors
becomeseasierto justify (if it is true)thelargerthesamplesize.In thiscase,thesmall
samplesizemakesit quitehardto justify this assumption,andthis “extra uncertainty”
is reflectedin thelargerbootstrapstandarderrorsfor caseresampling(which doesnot
makethis assumption).

> (send r :bootstrap-bias)
Residual bootstrap
Coefficient Bias
Intercept -0.067248
x 1.841999
xˆ2 -5.894250

> (send c :bootstrap-bias)
Case bootstrap
Coefficient Bias
Intercept -3.084323
x 20.723333
xˆ2 -18.050084

Thesebiasestimatesshouldbe consideredrelative to the usual(linear regression
modeltheory)coefficientestimatesof 183.83,0.97,and1597.50respectively (andtak-
ing into accountthe standarderror estimatesalso). Again, the caseresamplingesti-
matesarelarger(in absolutevalue)thantheresidualresamplingestimates.
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Table3: Usual(two-tailed) y -test� -valuesfor thephysicsdata.

Coefficient L -value
Intercept 0.0000
x 0.9915
x M 0.0004

> (send r :display-confidence-intervals)
Residual bootstrap
Level Normal Theory Percentile Bootstrap BCa Bootstrap
Coefficient: Intercept
0.95 (168.557 199.104) (171.873 196.153) (174.422 200.135)
Coefficient: x
0.95 (-200.894 202.836) (-163.559 161.414) (-220.236 129.548)
Coefficient: xˆ2
0.95 (1004.96 2190.05) (1130.02 2095.22) (1198.33 2218.94)

> (send c :display-confidence-intervals)
Case bootstrap
Level Normal Theory Percentile Bootstrap BCa Bootstrap
Coefficient: Intercept
0.95 (168.557 199.104) (142.923 199.533) (164.268 203.067)
Coefficient: x
0.95 (-200.894 202.836) (-282.78 374.272) (-368.806 185.637)
Coefficient: xˆ2
0.95 (1004.96 2190.05) (761.872 2639.3) (1167.75 2917.93)

The confidenceinterval estimatesalso reflect the standarderror and bias issues
discussedabove.

> (send r :stud-boot-pvalues)
Residual bootstrap
Coefficient p-value
Intercept 0.0000
x 0.9930
xˆ2 0.0000

> (send c :stud-boot-pvalues)
Case bootstrap
Coefficient p-value
Intercept 0.0000
x 0.9780
xˆ2 0.0010

For comparison,theusual(two-tailed) y -test� -valuesaregivenin Table3.
Finally, I testthecoefficient for � equalto zeroanalternative way, that is with the

bootstrapsubsettest:

> (send L1 :sigtest-boot-pvalue L2 :nboots 1000 :method :r-boot)
Residual bootstrap
p-value: 0.9320

whereL2 is thenameof thelinearregressionmodelwith meanfunctioncontaining
only anintercepttermand � S .
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5.2 SleepExample

Considerdataon sixty-two mammalspecies,whereTS is total sleepper day, BW is
bodyweight,BrW is brainweight,Life is maximumlife span,GP is gestationperiod,
and \ 	 is a dangerindex. Not all variablesaremeasuredon eachspecies.Thesedata
are describedin Section10.4 of [1] andcan be analyzedin Arc by loading the file
sleep.lsp .

A reasonablygoodlinearregressionmodelhasthefollowing meanfunction

�:� TS� ��� � =�>?� =G	�r~s�u S � BW��� = S rts"u S � BrW��� =GF�r~s�u S � Life�
�:=IH�r~s�u S � GP��� =GJ]\^	 (6)

andconstantvariancefunction. Let L1 be the nameof the linear regressionmodel
with meanfunction(6) andconstantvariancefunction. I thencarryout thefollowing
bootstrapprocedures.

> (def r (send L1 :bootstrap :nboots 1000 :method :r-boot))
> (send r :bootstrap-standard-error)
Residual bootstrap
Coefficient Std. Error
Intercept 2.607657
log2[BW] 0.348886
log2[BrW] 0.526081
log2[Life] 0.527639
log2[GP] 0.490668
D1 0.950746

> (def c (send L1 :bootstrap :nboots 1000 :method :c-boot))
> (send c :bootstrap-standard-error)
Case bootstrap
Coefficient Std. Error
Intercept 3.183498
log2[BW] 0.372109
log2[BrW] 0.625351
log2[Life] 0.779163
log2[GP] 0.585363
D1 0.967958

Thesestandarderror estimatescomparewith the usual(linear regressionmodel
theory)estimatesof 2.66,0.34,0.53,0.53,0.49,and0.91respectively. Thedifferences
betweenresidualandcaseresamplingagainpossiblyreflecta failureof the errordis-
tribution assumption.Thereare larger bootstrapstandarderrorsfor caseresampling
(whichdoesnotmakethisassumption)thanfor residualresampling(whichdoesmake
thisassumption).

> (send r :bootstrap-bias)
Residual bootstrap
Coefficient Bias
Intercept -0.032786
log2[BW] -0.020547
log2[BrW] 0.032676
log2[Life] -0.019615
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log2[GP] -0.000090
D1 0.060512

> (send c :bootstrap-bias)
Case bootstrap
Coefficient Bias
Intercept 0.100382
log2[BW] -0.047133
log2[BrW] 0.127983
log2[Life] -0.121676
log2[GP] -0.034941
D1 0.051909

Thesebiasestimatesshouldbe consideredrelative to the usual(linear regression
model theory) coefficient estimatesof 19.31,0.02, 8 0.55, 0.43, 8 0.97, and 8 3.82
respectively (and taking into accountthe standarderror estimatesalso). Again, the
caseresamplingestimatesare generallylarger (in absolutevalue) than the residual
resamplingestimates.

> (send r :display-confidence-intervals)
Residual bootstrap
Level Normal Theory Percentile Bootstrap BCa Bootstrap
Coefficient: Intercept
0.95 (13.9479 24.6703) (13.9825 24.4952) (14.4963 24.8782)
Coefficient: log2[BW]
0.95 (-0.669011 0.714042) (-0.687735 0.691718) (-0.643718 0.705958)
Coefficient: log2[BrW]
0.95 (-1.61161 0.51011) (-1.5596 0.531056) (-1.66774 0.442263)
Coefficient: log2[Life]
0.95 (-0.651064 1.50249) (-0.584592 1.43294) (-0.531056 1.51739)
Coefficient: log2[GP]
0.95 (-1.95049 0.00792257) (-1.92356 -0.0262216) (-1.9221 -0.0262216)
Coefficient: D1
0.95 (-5.64703 -1.99287) (-5.65607 -1.91845) (-5.77184 -2.04087)

> (send c :display-confidence-intervals)
Case bootstrap
Level Normal Theory Percentile Bootstrap BCa Bootstrap
Coefficient: Intercept
0.95 (13.9479 24.6703) (12.4558 25.025) (12.1751 24.8137)
Coefficient: log2[BW]
0.95 (-0.669011 0.714042) (-0.748034 0.727619) (-0.615866 0.802303)
Coefficient: log2[BrW]
0.95 (-1.61161 0.51011) (-1.52022 1.13081) (-1.73165 0.597859)
Coefficient: log2[Life]
0.95 (-0.651064 1.50249) (-1.58862 1.62901) (-1.41923 1.69452)
Coefficient: log2[GP]
0.95 (-1.95049 0.00792257) (-2.10444 0.15314) (-2.00926 0.254512)
Coefficient: D1
0.95 (-5.64703 -1.99287) (-5.68968 -1.82073) (-5.81219 -2.1066)

The confidenceinterval estimatesalso reflect the standarderror and bias issues
discussedabove.

> (send r :stud-boot-pvalues)
Residual bootstrap
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Table4: Usual(two-tailed) y -test� -valuesfor thesleepdata.

Coefficient L -value
Intercept 0.0000
logM [BW] 0.9477
logM [BrW] 0.3011
logM [Life] 0.4302
logM [GP] 0.0518
D1 0.0001

Coefficient p-value
Intercept 0.0000
log2[BW] 0.9450
log2[BrW] 0.2980
log2[Life] 0.4480
log2[GP] 0.0420
D1 0.0000

> (send c :stud-boot-pvalues)
Case bootstrap
Coefficient p-value
Intercept 0.0000
log2[BW] 0.9390
log2[BrW] 0.2540
log2[Life] 0.3730
log2[GP] 0.0410
D1 0.0000

For comparison,theusual(two-tailed) y -test� -valuesaregivenin Table4.
Finally, I testthecoefficientsfor r~s�u S � BW� and rts"u S � BrW� bothequalto zerowith

thebootstrapsubsettest:

> (send L1 :sigtest-boot-pvalue L2 :nboots 1000 :method :r-boot)
Residual bootstrap
p-value: 0.1610

whereL2 is thenameof thelinearregressionmodelwith meanfunction

��� TS� ��� � =">?�@=^F�rts"u S � Life��� =IH,r~s�u S � GP��� =GJ_\^	
For comparison,theusual] -test� -valuefor this is 0.1055.

6 Generalizations

Someotherareasin linear regressionfor which bootstrapmethodshave potentialin-
cludepredictionandvariableselection.Also, themethodsdiscussedin this reportcan
beextendedto work with generalizedlinearmodelsandnonlinearmodels.Thecom-
puterroutinesin boot.lsp canprovidea startingpoint for theseothermethods.
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